I. INTRODUCTION
T HE noise response derivations for switched capacitor networks (SCN'S) developed in this paper differ from earlier work [1] -[3] by emphasizing approxitrrations that facilitate the use of general-purpose programs, such as SPICE, for accurate SCN noise analysis. The derivations will cover ideal sampling effects, the development of a suitable SCN integrator noise model, and computer simulation techniques.
Applying the noise model to practical SCN"S shows that the relative contributions of op-amp 1/f, foldover flat-band, and capacitor switching noise are filter topology dependent.
II. MODULATION AND FOLDOVER EFFECTS
To start the analysis of noise in sampled data systems, we begin with the effects of the idealized sampling operation of Fig. 1 on a signal band limited to less than half the sample Manuscript received May 6, 1981; revised January 7, 1982 . The author is with Belt Laboratories, Hohndel, NJ 07733. Fig, 1. Ideal sampler. rate (f~).
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S(t)=~8(t-kT)
The baseband (~n) and sideband (~~b) spectral densities of Fig. 2 are equal as a result of ideal impulse sampling [4], [5] . A convention that will prove useful in the analysis to follow is to number the sidebands so as to associate each sideband with the sampling frequency harmonic it is centered about, as in Fig. 2 .
For the more general case where the signal bandwidth is greater than f~/2 (such as the output noise of an op-amp in an SCN), aliasing will occur.
As an example, assume that the sigmd to be sampled has a bandwidth (Z3Wn) of three times the sample rate. The first five sidebands resulting from the sampling operation have been depicted in Fig. 3(a) . Referring to the figure, the following are contributors to the frequency band from dc to f.: the fundamental, *1, +2, and the +3 sidebands. The addition of these sidebands is depicted in the stacked structure of Fig. 3(b) . This spectral stacking of an undersampled signal results in an output of larger spectral density than the input for the frequency band from dc to f8/2.
The noise gain of a track-and-hold circuit is shown in Fig. 4 (and is discussed in Section III).
0018 -9200/82/0800 -0742 $00.75 01982 IEEE For the remainder of this paper, IllVn represents the equivalent noise bandwidth of a noise source, and will be taken to be that bandwidth required to contain the same noise power as the source, but with a uniform spectral density rIn.
If the input is a white noise source, the frequency-shifted sidebands are now uncorrelated with the fundamental or each other; hence, power rather than voltages are added to compute the total output density (qT).
Putting these results into mathematics for -.f~< .f< f~, "=on+w?ws'
(1) where (2BWn/f,) -1 is the number of sidebands falling in the frequency range dc < f < f..
To simplify the calculations, BWn/f, will be treated as an integer. If a fraction of a sideband folds into band, BWn/f, is incremented to the next larger integer to give an upper bound on the in-band noise. Recalling that~,1, = qn simplifies (1) to
III. NOISE MODEL OF A TRACK-AND-H• L,D
One of the basic building blocks commonly used in SCN'S is the integrator of Fig. 5 . This integrator is a form of a track-and-hold (T'/fI) circuit.
While the track operation is not inherent to all SCN integrator topologies [6] - [8] , this property will be included for completeness.
The integrator analysis will begin by describing transmission gate (input tracking) and S/Ii (hold operation) noise responses using the T/H of Fig. 6 . These results will be experimentally verified in Section IV, and a complete integrator model will be developed in Section VI.
The T/H can be viewed as two systems in parallel, as in Fig.   7 , The transmission gate models the feedthrough operation when the T/Ii tracks the input. The sample-and-hold (S/n) models the hold operation by sampling at the instant the transmission gate opens, while resetting to zero during the track mode. 
"ou'(f)<2"n(?)(T'H) sinc2 (%) 'Wn>+fs
Case 2) r~~= l.' Ideal S/H results, and the track term drops, leaving the familiar sine (x) envelope.
Thus, foldover effects of ideal sampling followed by a hold
operation (that forms the~/~) can produce an in-band response that is significantly larger than the input spectral density. [X-%sinc'(ik)+l 
To aid in the isolation of various noise sources, the test circuit of Fig. 10 was used. To eliminate any effects resulting To gain physical insight into the above results, let us look at a from finite bandwidth of the op-amps or switches, the noise few limiting cases.
source was selected to produce band-limited white noise with 
A. Track Model Verification
Equation (3) indicates that the track noise contribution is independent of noise bandwidth or sampIe rate (for BWn > 10f~), and is dependent only on the track duty cycle. The calculated and measured track operation results are summarized in Table I (a) with the frequency independence shown in Fig. 11 .
B. S/HiVoise Model Verification
Using (4b) to predict the S/H response at dc (v~~a.) to a wide-band input,
For f~= 1 kHz, BWn = 100 kHz, and rs~= 0.5, = 50qn (17 dB gain).
First null occurs at 1 kHz/O.5 = 2 kHz. The white noise response is shown in Fig. 12 , with similarly calculated and measured results summarized in Table I (b).
The S/H response extends below the input noise level because the track operation, with its associated noise contribution, is not present in the S/H.
C. T/H Noise Model Verification
To investigate the foldover term and the orthogonality of Similar results are to be found in Table II. 'N"+l--m+izl--EOuTuT 
V. EXTENSION TO CASCADED STAGES
There are two extreme cases when cascading T/H stages. One is when all the T/Hs have the same timing (in-phase clocks) as in Fig. 13(a) .
The other extreme is when one T/H tracks, and the T/H before and after it are in the hold state In one extreme, all the T/H stages are driven by the same clock phases. Because the significant foldover effects are present only in the hold phase (assuming a memoryless track phase), the noise at the T/H input is simply the sum of the unsampled noise feeding through to the stage of interest.
When the T/H changes to the hold phase, the input noise is sampled and folded down to baseband. The resulting output spectra are described by (5) T/H is sampling.
In summary, since most SCN'S use staggered clocks, TSH will be taken to be unity for the rest of the paper, and the effects of resampling of noise will be ignored.
VI. SCN INTEGRATORS AND CHARGE ACCUMULATORS
In this section, a model of an SCN integrator is developed.
The T/H results will then be combined with these results in Section VII where a simple SCN is analyzed. 
A. ChargeAccumulator Model
To aid in visualization, the accumulator is redrawn in With S2 closed and SI open, qc~is bled off to ground, and P'. tracks Vm with unity gain and a dc offset equal to the voltage stored on CI. When Sz opens and S1 closes, the inverting terminal is initially pulled to ground, and the op-amp then recharges CR to P'n, repeating the above procedure. here J'n(iT) is the noise voltage at the instant S1 opens, T is the complete SI, S2 period, and N is the number of complete clock periods since Cl was discharged.
The output when S'l is closed is
,+% C* Vn(t)+ vne*(N -1).
When S2 is closed,
where the index of Vnet has been incremented because additional charge has been trapped on C[ when S'l opened.
If there are N sample periods per clearing of CI (as in some low-loss integration techniques), and Vn is Gaussian white noise, probability theory indicates that Vnet(N) will have a standard deviation {N times larger than (CR /Cz) Vn. In other words, the noise power of Vnet after~cycles will be Al times larger than the incremental noise power stored on CI in any given sample cycle.
B. SCN Filter Approximations
A significant simplification can be made for those filter stages with pole frequencies much less than the sample rate. These filters usually have CR /CI <<1. Under these conditions, (7) shows that the individual contributions to Vnet are less than the referred to input noise Vn by CR /Cz. In addition, the number of terms in (7) that significantly contribute to the integrator's output noise is limited by dc discharge paths from the amplifier output to its input. These discharge paths are used to provide Q damping and dc stability of the filter. In most practical SCN'S, these conditions result in the input referred noise of the op-amp ( Vn) being much larger than Vnet, so the J&t term will be dropped.
To model charge transfer uncertainty and the foldover effects of the wide-band noise of the switches associated with CR, an equivalent resistance of value These approximations hold when the fflter passband is much less than the sample rate. For the noise simulations of the next section, the SCN integrator will be replaced by its continuoustime counterpart.
The output noise of a particular SCN will be worked out in detail in Section VII to demonstrate how to use these results. 
VII. NOISE MODEL AND CALCULATIONS FOR SCN'S
This section will develop a model suitable for SPICE noise simulations of switched capacitor networks.
Experimental results in support of these results will also be given.
A, SCN Topology Model
To simulate the capacitor switching noise (kT/C), replace the switched capacitors of the HPN in Fig. 16 with resistors of value R.~C f, as per Fig. 17 .
Next replace the op-amps with the blocks shown in Fig. 17 . The switched output (S.) is connected to all the switched capacitors connected to the output of the op-amps. The continuous output (CO) is connected to the paths that are not switched.
To model the noninverting integrator of Fig. 16 , use a voltage-controlled voltage source of gain = -1 to provide the polarity reversal (as in Fig. 17 ). The filter topology has now been modeled; next the op-amp model will be developed.
B. Op-Amp Model
To model the op-amp of Fig, 18 in an SCN environment, the sampled data effects on the output noise of the op-amp must be considered.
This noise consists of two parts: wideband (flat, white noise), and 'l/f (flicker) noise. The voltage sources Vl,f and Vnl are used to model the unsampled l/f and flat-band noise, respectively.
Since the folciover effects are added to the unsampled output noise, the noise sources kVnll and Vfll have been placed in series with the continuous output to yield SO. Referring to Appendix C to determine the op-amp BWn, the foldover factor (k) is derived by simplifying (6) under the constraints that .f<<.f., so the sin x/x term approaches unity and 7SH = 1. Then separate the result into terms related to the CO and SO outputs, respectively:
with the bracketed term representing the foldover effects represented by lcVnll . Similarly accounting for the l/~con-tribution (Appendix C), nl/f out(f)
Q $ + (d).
Because programs such as SPICE work with noise voltages rather than powers, the noise voltage gain through sampling is obtained by taking the square root of the bracketed terms to yield
and the 1/f term of@. An alternate method of calculating "k" is as follows. First, calculate the total output noise power (PT) of the amplifier using SPICE or other means. The result is doubled to account for positive and negative sidebands' contributing power, and is divided by the sample rate to yield an average power density. Putting this procedure into mathematics, where T/FBis the presampled op-amp flat-band power density, The next two subsections will outline in detail how to use SPICE to model the op-amp noise.
C. Flicker Noise Model
Because SPICE lacks the option of user-defined functional expressions, a device model must be used to simulate the unsampled 1/f noise component.
To conveniently generate the flicker noise, the boxed circuit of Fig. 19 is used. The device is diode-connected for ease of biasing to a predetermined drain current by~&. To assure that the device is in the saturation region, choose Ml as an enhancement-type device. The noise voltage as seen at the drain is
'n=is=%
To decouple the noise sources so that 1/f and wide-band noise effects can be studied separately, select the bias current and device W/L ratio to assure that the gm term contributes much less noise than the input-referred op-amp flat-band noise.
With the device parameters selected, adjust KF to match the measured op-amp input-referred 1/f noise.
Because the flicker noise is to be injected into the noninverting terminal of a high gain op-amp, the dc bias voltage at the drain must be blocked.
To avoid loading the drain with the dc blocking circuit (l?llc, CBLK), a voltage-controlled voltage source is used as an ideal unity gain buffer, as in Fig. 19 . The next subsection will show how to model the sampled I/f noise.
D. Flat-Band and Foldover Model
The flat-band, folded flat-band, and folded 1/f (Appendix C) can be modeled as white noise sources, which are easily simulated by resistors in SPICE.
To model the flat-band noise, the resistor value is selected to match the measured input referred flat-band noise. To satisfy the nodal requirements of SPICE, two resistors (Rnlã nd I?nlB of Fig. 19 ), eac~twice the value of the inputreferred noise resistance, are paralleled so that all nodes have at least two components connected and a dc path to ground.
The source Vnl injects the unsampled flat-band noise into the op-amp, with Vnll modeling the wide-band foldover effects and V'jll the 1/f folded noise. Separate resistor sets are used to drive Vnl, Vnll, and V'll so that the sources will be mutually uncorrelated.
The appropriate folded I/f resistor values are
E. Model Limitations
This model is accurate for f << f~, so the sin x/x frequency shaping will not appreciably affect the in-band noise. This constraint is not severe since most SCN'S are designed with the sample rate much greater than the passband frequency.
Further assumptio~s made to simplify the calculations are that the hold duty cycle of the switched paths (7sH) is unity and that the filter is run at a single sample rate. If stages of differing sample rates are cascaded, the sampled noise spectra of previous stages must be analyzed to account for significant foldover contributions to the stage under consideration.
F. Gdcutation and Measurement Results
Using models like the above, SPICE simulations were used to calculate the output noise for 60 Hz F@N filters sampled at 8 and 64 kHz, and several 128 kHz sample rate fifth-order elliptic low-pass filters with a cutoff frequency of 3.4 kHz [8] . The calculated C-message weighted (dBrnc) noise results are summarized in Table III , and are compared to results obtained from monolithic realizations of these circuits. The op-amp noise was measured to be 50 nV/ @ at 1 kHz, with a flat-band noise component of 35 nV/ @ and a noise bandwidth of 2 MHz. Fig. 16 shows an actual HPN (sampling at 8 kHz) switched capacitor filter [8] , and its complete noise model is shown in Fig, 17 , Calculating k for the filter with op-amps having a noise bandwidth (see Appendix C) of 2 MHz,
'= FT5=-=223
Referring to Table V indicates that a = 2.1 for this sample rate.
The dominant noise term of the HPN is the capacitor switching noise. If the falter is followed by an 8 kHz S/H, the wideband noise of the second amplifier will be boosted by the foldover factor (22.3) to become the dominant contributor. Similarly, the dominant noise source in the LPF's is the capacitor switching noise. The measured and predicted noise spectra are compared in Fig. 20 for the 1.7 pF minimum capacitor size LPF. If wideband noise sources are the dominant terms of the LPF, the noise density should drop by 9 dB for a factor af 8 increase in sample rate. As a test, the noise responses for~~= 128 and 1024 kHz of this LPF are compared in Fig. 21 . All the analyzer settings are the same for both traces, with the exception that the frequency sweep was changed from 10 ,Wz up to 80 kHz [for~~= 1024 kHz) so the re~ative densities can be directly compared. The approximate 10 dB drop in the passband noise density clearly indicates that 1/f noise is definitely not the dominant noise source of these filters.
VIII. CONCLUSION
The results presented show that the topology of an SCN determines the significance of the relative contributions of amplifier flat-band and 1/f, and capacitor switching noise to the overall filter noise, For the test chip filter designs in our process, the dominant noise source was found to be capacitor switching noise, followed by op-amp wide-band noise, and lastly, op-amp 1/f noise. A noise model and a simulation technique have been develcrped to allow existing simulation programs (such as SPICE) to be used in accurate SCN noise calculations.
APPENDIX A
Transmission Gate Noise Mod@
The transmission gate simply m~dulates the input signal {x(t)} by a pulse train, as shown in Fig. 22 . The Fourier Since (A2) is not in a convenient form for h, qout(~) has been tabulated in Table IV 
APPENDIx B
A Sample-and-Hold Noise Model
A general topology for a discrete-time data system is shown in Fig. 23 . The sampling function is shown in Fig. 24 . The S/H operation consists of ideal sampling, followed by filtering with H(z) = 1, feeding into a hold operation.
The hold re- 
Calculation of {x.} Spectrum
Taking the Fourier transform of {xn} [10], we find
where Xa is the Fourier transform of x(t), which is periodic about multiples of the sampling frequency.
Calculation of the S/H Frequency Response
Referring to the timing of Fig. 25 , we can determine the limits of integration: The usual application of sampled data systems is the processing of information in the passband (f< f~/2); accordingly, the inband signal-to-noise ratio is of interest. Since signal-to-noise is given by
it is independent of the reconstruction filter in the passband for white noise input, but does depend on the undersampling of noise.
APPENDIX C
Foldover Effects and Equivalent Noise Bandwidth
This analysis will treat the op-amp 1/f and wide-band noise separately to clearly show the different effects of undersampling of these noise sources and to point out useful approximations. to f.. The total op-amp output noise is calculated by adding up the power in each frequency band of width f~,
Wide-BandNoise
The equivalent noise bandwidth (BWn) of an op-amp will be taken to be that bandwidth required to contain the same noise power as the op-amp, but with a uniform spectral density qn.
I/f Foldover Effects
Idealized sampling of a 1/f noise source produces the spectrum of Fig. 27 where only the first sidebands have been shown for simplicity, In the analysis that follows, it is assumed that the noise spectral density follows an ampl~ude envelope of the form A/f, and that the sidebands are mutually uncorrelated so that power, rather that voltage, is summed.
Evaluating the foldover effects in the baseband from dc to fs, (cl) where N is the number of sidebands folding into the baseband.
To understand the foldover effects described in (Cl), let us assume that the voltage-follower op-amp attenuates the l/f noise for frequencies above 20 MHz, A = 1000 for computation ease, and that the frequency range of interest is the familiar telephone voiceband from 300 to 4 kHz. Fig. 28 compares the presampled and postsampled spectra for several common clock rates. An important aspect of Fig. 28 is that all the process dependence is lumped into the constant A, so these curves are simply multiplied by the same scale factor to fit any process. Evaluating just the foldover terms of (Cl) (and calling that sum a) indicates that the 1/f foldover effects can be closely approximated by adding a constant to the presampled spectrum. Also note that for typical sample rates of 64 kHz or higher, the foldover contribution is less than 20 percent of the 1/f baseband density at 1 kHz. A simplifying approximation is to neglect the 1/f foldover term entirely for a sample rate of 100 kHz or higher. For lower sample rates, place a white noise source in series with the sampled op-amp [9] output ( Fig. 16 ) of magnitude cd as summarized in Table V. [10] ACKNOWLEDGMENT The author is grateful to P. E. Fleischer, A. Ganesan, D. G.
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